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G is a locally compact group that contains the semidirect product J of a closed 
normal subgroup H and a closed connected subgroup K. Conditions on J are 
given that imply that the restriction map B,(G) -+ B,(H) (1 < p < CO; G 
amenable if p f: 2) of the Fourier-Stieltjes algebras is not surjective. It is also 
shown that if the restriction map B(J) -+ B(H) is surjective, J need not be a 
direct product, even if H is nilpotent. 
In the “ax + b” group, a semidirect product, Eymard [I, p. 2041 adduced 
the first counterexample showing that the restriction map resH: B(G) -+ B(H) 
of the Fourier-Stieltjes algebras of a locally compact group G and a closed 
subgroup H can fail to be surjective. A very simple proof of this will be given 
here as a consequence of Lemma 1 that follows. McMullen [2, (X7)] subsequently 
showed that this failure occurs if G is a proper semidirect product of a closed 
normal commutative subgroup Hand a closed connected subgroup K. 
The purpose of this article is to establish two sufficient conditions for the 
failure of surjectivity that extend McMullen’s result. By one method a condition 
on the subgroups Hand K is found, which applies equally to the algebra B,(G) 
(1 < p < co) for G amenable (Theorem 1). B,(G) is a generalization of the 
Fourier-Stieltjes algebra due to Herz [3]; B(G) = B,(G) if G is amenable. By 
a second method a condition on the irreducible unitary representations of H is 
found that applies to B(G) (Theorem 2). Counterexamples are adduced to show 
that surjectivity does not imply that the semidirect product is direct. 
FIRST METHOD 
Let G be a locally compact group that contains a closed normal subgroup H 
and a closed connected subgroup K such that H n K = 1. It is well known 
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that the closed subgroup J generated by G and K is a semidirect product, which 
we denote by K 0 H. We consider the central descending series of H using the 
notation 
Ho = H, ff, = [H, fL1, n = 1, 2,... 
where by [H, H,-,] and in every instance of the use of the expression [A, B] 
is meant the closure of the commutator subgroup indicated. The following 
observations help in the enunciation of Theorem 1. Since each H,, is a charac- 
teristic subgroup of H and hence a normal subgroup of G, the semidirect 
product ] = K 0 H induces a semidirect product Jn = K 0 H, , which is a 
closed subgroup of J. Moreover, if T, = H,/H,+l and v: H, + T, is the 
canonical projection, it is easily verified that Jn induces a semidirect product 
K 0 T, , multiplication being given by 
kp(h,) . k,v(h,) = k&(K1h,k,) v(hJ, 
where k, , k, E K; h, , h, E H, . 
THEOREM 1. Let G be as above; in addition, ifp # 2 let it be amenable. If for 
any n the semidirect product K 0 T,, is not the direct product of K and T, , then 
the restriction map resH: B,(G) -+ B,(H) is not surjective. 
Remarks. 1. The result is surprising in view of the result of Hem for the 
Fourier algebra, namely, that for any closed subgroup H of G the restriction 
map A,(G) --f AD(H) is surjective [4, 51. 
2. resK: B(J) -+ B(K) is surjective; if J is the direct product of H and K 
the same is true of resH: B(J) -+ B(H). Th ese are direct consequences of the 
functorial properties established by Eymard [ 1, (2.20)], since the maps K 0 H --f 
K; kh H k and K x H + H; kh t+ h are homomorphisms. 
For s, g E G and any function f on G we use the customary notation f “(g) = 
f (x-‘gx) for the transform off by an inner automorphism of G. An automorphism 
h ++ k-lhk of H with k E K will be called a K-automorphism of H. A set of 
some consequence is the set of k E K that gives rise to K-automorphisms that 
are not inner automorphisms of H; it will be denoted by S. An element k 
belongs to S if and only if to each b E H there corresponds h,, E H such that 
[h, , kb] f 1 ([x, y] = X-ly-Lvy). Another important set is the set of k E K 
for which there exists v E H ,^ the irreducible continuous unitary representations 
of H, such that v and xp are inequivalent (T ti &); it will be denoted by Q. 
It is clear that Q C S always holds. 
LEMMA I. Let H be a closed normal subgroup of a locally compact group G. 
If p # 2 suppose in addition that G is amenable. If 4 E B,(H) has an extension 
to G that belongs to B,(G), then p --+ 4 in B,(H) for any net (x) in G that con- 
verges to 1. 
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Proof. Let @ be the extension. If p = 2 then D(y) = <rr(y)u, o) for a 
continuous unitary representation ?r of G in a Hilbert space %. Consider A(r), 
the Banach space of m-representative functions, which is the coimage of the 
morphism .% @ A? -+ C,(G) with the quotient norm, C,(G) being the space 
of bounded uniformly continuous functions on G with the supremum norm. 
Now A(W) is isometrically isomorphic with the closed subspace of B(G) generated 
by the functions y ++ (z(y)t, ~)(5,7 E .#); see, for example, [6, (2.2)]. Thus 
we have 
If p # 2 we get the same result as an immediate consequence of the strong 
continuity of translation in B, , which has recently been proved by Cowling [7]. 
The proof is completed by the observation that (19 - p 11s < II@ - @ llB . 
Before proving Theorem 1 we deduce a simple proof of the failure in B(G) 
in the case of the “ax + 6” group as a consequence of the lemma. Here H = R, 
the additive group of reals, and K = R *+, the multiplicative group of positive 
reals. Multiplication is given by 
(k, h)(k’, h’) = (kk’, kh’ + h), RCA-, hEH, 
and hence a K-automorphism of H turns out to be h t+ h/k. Consider the 
character x(x) = e-iaz (a # 0) of H, which of course belongs to B(H). 
Then x = a,^, the Fourier-Stieltjes transform of the measure 8, of unit mass 
at a. It is easily verified that (ask)” = (S,*)lc, where for any measure p on R, 
@(E) = ,u(kE) (k > 0). Then if k # 1 we have 
II x” - x Ile = II &I” - 42 IlM 
By the lemma x cannot belong to res,., B(G). 
It is instructive to observe that no nontrivial K-automorphism of H can be 
inner automorphism of H in this example; for K\(l) = Q _C S C K\(l). Flory 
[g, III, 3.21 has shown that if G is a locally compact separable (i.e., second 
countable) group and H is a closed normal subgroup such that S = O, then 
resH B(G) = B(H) (here we have extended the definition of S in the obvious 
way). The separability was merely needed to convert the condition S = 0 into 
a Bore1 section G/H -+ G covering the centralizer of H in G, which was in- 
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strumental in the proof. It seems reasonable to conjecture that S # o is a 
necessary condition for the failure of surjectivity. We see that this is so in all 
the cases dealt with here. 
The following observations are in order to prepare the way for the proof of 
Theorem I. T, is commutative and K acts on T,“, the character group of T, , 
by the map K x T,^ + T,^; (h, x) i--t h,y where (t, kx) = (k-i&, x), t E T, . 
We write Kx for the stability group of x, which can be conveniently expressed as 
K, = {k E K: ([t, k], x) = 1 for all t E T,}. 
Proof of Theorem 1. Consider the set L = {x E T,^: K, = K}; it is a sub- 
group of T,^, but of greater significance to our investigation is that L is a proper 
subset of T,^. Indeed otherwise every x E T,^ would annihilate the commutator 
subgroup [T, , KJ, and this would rest& in the contradictive implication that 
K 0 T, was a direct product. 
Choose any /I E T,^\L; then K, # K. Let U be any neighborhood of 1 in K. 
Since K is connected we may choose q E U\K, . Then there exists t E T, such 
that ([t, q], /I) = h # 1, and hence a positive integer m such that 
~([P,q],/3) - 1 1 = /A” - 1 1 > 1. 
Put t, = tnl and x = fi 0 V; choosing any h E v-l(tJ write 
X~Y) = <v(y-%h B>> YEKOH,,. 
Now if y = ylyz with yr E K and y2 E H, , then 
Y-‘hY = Y3YlYi1Y3 h(YlY,Y?)Yl 
= y1 brl-f 
where b E H,; whence 
XL(Y) = (YwJ) Yl 9 IO* 
Therefore we have 
I ~41) - xddl = i(Gh P> - (+(h)q, B>l 
Thus what we have so far achieved is: Given a neighborhood U of 1 in K 
we have obtained q E U and h E H, for which 
I Xdl) - Xh(Q)I 2 1. (1) 
The next step is to extend the function x to a function u E B(H). Let U* 
denote the representation of H induced by x. A convenient reference for the 
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inducing process is [9, Chap. VI, Sects. 2,4], which is followed here. For z E H 
we put 
u(x) = (U*(zy?, e> 
where 
W = s, X(Y) NXY) 4, x E H, 
for some continuous function k: H + C of compact support chosen so that 
I 
j 0(x)1” dit = 1 
H/H, 
(d3i* is the Haar measure of H/H,). It is clear that u E B(H); moreover, by the 
construction of B,(H) 133 u E B,(H), H amenable or not. To see that the 
restriction of u to H, is x let s E H,, . Then 
44 = j 8(+x) ecx) d3i”, 
IilHs 
and 
W14 = JrH, X(Y) Ns-%) 4 
= s x(x-‘FY> k(xy) dr 4 = x(x-W lH”X(Y) k(xy) dY 
= x(4 f-w~ 
since x-%x~-r E H,,,; whence a(s) = x(s). 
Now 
and 
xl&(l) - xdd = m - ugw 
It now follows from (1) and Lemma 1 that u does not belong to resn B,(G). 
This completes the proof. 
Let us see that S # D holds in the theorem. Now S = o means that to each 
k E K there corresponds xk E H such that k-lkk = x;‘hxk: , that is to say [h, k] = 
[h, xk] holds for every h E H. In particular, this is true of every h E H, , whence 
we infer that [Hn , K] _C Hn+l . Then we have 
I+), kl = ~([a, 4) = 1 
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for every a E H,, and k E K. But this is precisely the condition for K 0 T, to be 
a direct product. Hence S # o must obtain. 
Here is an example of the failure of surjectivity in a semidirect product 
J = K 0 H in which H is not commutative. 
EXAMPLE (i). Let H be the Heisenberg group, namely, ((x, y, z): X, y, z E R} 
with multiplication given by 
(x, y, z)(x’, y’, 4 = (x + x’, y  + Y', z + 2,’ + KY’), 
and K = R*+, the positive reals. For r E K put 
f?(r)(a, b, c) = (ra, b, P-C). 
One easily verifies that 8: K -+ Aut(H) is a morphism, and hence gives rise to 
a semidirect product K 0 H in which multiplication is given by 
(r, a, b, c)(r’, a’, b’, c’) = (TY’, r’a + a’, b + b’, r’c + c’ + r’ab’) 
and so in K 0 TO by 
(Y, a, b)(r’, a’, b’) = (rr’, r’a + a’, b + b’), 
T,, being isomorphic to the additive group R2. 
Thus K 0 T,, is not a direct product, and so by the theorem, resH BB( J) # 
B,(H); it is clear that J is amenable. 
SECOND METHOD 
Let G be the locally compact group introduced above. For each r E HA put 
K,, = {k E K: 7rk N n} and L = (n E: HA: K,, = K). Recall that Q is the set of 
k E K for which there exists rr E HA such that yrk C$ 7r. It is clear that Q = i? if 
and only if HA = L. Again we let S be the subset of K giving rise to noninner 
automorphisms of H. 
THEOREM 2. Let G be as above. If Q # % then resH B(G) # B(H) 
To prove this we need the following result which is an easily established 
consequence of [lo, 5.2.1 and 12.3.61. 
LEMMA 2. Let G be a locally compact group. If n1 and rz are inequivalent 
irreducible continuous unitary representations of G and &(x) = (r*(x) ui , ui) 
(i = 1,2), then 
580/25/3-3 
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Proof of Theorem 2. By hypothesis there exists YT E H^\L and therefore 
K, # K. Since K is connected there is a net (a) in K\K, converging to 1. Let 
$ E B(H) be given by d(x) = (7r(x)u, u) with )( 4 ()a = 1. Then TP k r, + is 
irreducible and 1) F )lB = /I u J(s = I( 4 IIB = 1 for every 01 of the net. By Lemma 2 
(I@ - 4 (lB = 2 for every 01. Hence by Lemma 14 $ resH B(G), and the proof is 
complete. 
Note that S is not empty. Now suppose that H is commutative. Then it is 
easily verified that S = Q holds. To put this into words one might call the ele- 
ments of Q bad K-automorphisms of H, since they cause failure of surjectivity. 
Then a K-automorphism of H is bad if and only if it is not an inner automor- 
phism. Next observe that J is a direct product of K and H if and only if S = @. 
It follows from these considerations and the second remark after Theorem 1 
that resH B(J) = B(H) if and only if J = K x H, and this is McMullen’s 
result [2]. 
Returning to the general situation we see that this result no longer holds. 
Indeed S = 0 does not imply that J = K x Has is shown by a counterexample; 
in fact, two are provided. Observe that in the second His nilpotent. 
EXAMPLE (ii). Let H be the “ax + b” group and K = R*+, the positive 
reals. Recall that H = {(a, b): a > 0, b E R} with multiplication given by 
(u, b)(u’, b’) = (au’, ub’ + 6). 
For each r E K put 
O(r)(u, b) = (a, rb). 
One easily verifies that 8: K + Aut(H) is a nontrivial morphism, and hence 
gives rise to a semidirect product that is not direct; also that B maps into the 
inner automorphisms of H. 
EXAMPLE (iii). Let H be the Heisenberg group and, K = R. For each r E K 
Put 
6(r)(u, b, c) = (a, b, c - br). 
Then as before 0: K + Aut(H) is seen to be a nontrivial morphism of K into 
the inner automorphisms of H. 
In each example J is separable and S = o holds. Thus the hypotheses of 
Flory’s result [8] are satisfied; hence resH B(J) = B(H), yet neither is a direct 
product. 
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